Abstract-This paper focuses on the tracking problem for air-breathing hypersonic vehicles (AHVs) and proposes a new control method on the basis of not canceling, but using, aero-propulsive, as well as elevator-to-lift, couplings to design controllers without strategically avoiding or reducing the nonminimum phase characteristic. The controllers and the external reference trajectories are simultaneously obtained by solving a system of linear algebraic equations. The altitude error is shown to be asymptotically stable. The velocity, flight path angle, angle-of-attack and pitch rate errors all exponentially converge to zero with the proposed tracking controllers. Simulation results show that the control strategy proposed in this paper provides better tracking performance for AHVs.
output regulation [11] and neural network based adaptive control [12] were shown to be effective to design perfect tracking controllers for AHVs with flexible structure effects. The feedback linearization (FL) method, along with some combinations of other control strategies, have been widely accepted because of FL's simplicity (Tournes [13] and Xu [14] ). However, FL is not entirely effective because most of the AHV models hold relative degrees less than the order of the system and the zero dynamics are unstable (non-minimum phase). Therefore, the approximate feedback linearization, in which flexible dynamics and certain dynamic couplings are adroitly ignored, becomes more practical for AHVs control [15] , [16] , [17] . Recently, much work has been performed on the Bolender and Doman model [4] , [7] . Gibson et. al. [18] designed an adaptive controller with robustness to the uncertainties by considering the actuator magnitude saturation, but neglected flexible effects and certain couplings. In Parker et. al. [17] , approximate FL was applied to design controllers by ignoring the elevator-to-lift coupling and structural dynamics. Fiorentini et. al. [19] , [20] , [21] designed nonlinear controllers based on the combination of robust adaptive dynamic inversion and sequential loop closure to achieve robust tracking of altitude and velocity references. Particularly, the controllers developed in [21] used feedback from rigid-body states. The stability analysis of the feedback interconnection of the controllers and the overall system containing the flexible states was performed using Lyapunov stability theory. Furthermore, Fiorentini et. al. [22] , [23] investigated methodologies for nonlinear control design under the assumption that the elevator is the only aerodynamic control surface available for the longitudinal dynamics. The common feature in [19] , [20] , [21] , [22] , [23] is that the controller depends on estimates of model coefficients and therefore provides robustness with respect to model uncertainties due to the use of the smoothing parameter projection method [24] for designing the update law for parameter estimation.
Despite the effectiveness of the current studies, some deficiencies should be noted that require further work. Elevatorto-lift coupling is acknowledged as the prime cause of nonminimum phase behavior. Therefore, eliminating or counteracting elevator-to-lift coupling from the control-oriented model, by introducing a canard control surface, appears to be a logical strategy when designing controllers for AHVs. However, either eliminating or counteracting the elevatorto-lift coupling may not be the optimal method because it is based on the assumption that elevator-to-lift coupling is a disturbance to be eliminated or an unwanted effect to be counteracted. Additionally, most of the results in the literature adopt a decentralized approach to control the velocity with fuel-to-air ratio and to regulate the angle-ofattack (hence flight path angle) with elevator. The canard is mainly used to cancel the elevator-to-lift coupling, thus eliminating the non-minimum phase effects. This kind of control strategy leads to a limited control capability because the airframe, propulsion system, and the structural dynamics are highly interactive and, therefore, difficult to separate. This study reconsiders the tracking problem for AHVs and proposes a new control method on the basis of not canceling, but using, all aero-propulsive as well as elevatorto-lift couplings to design controllers without strategically avoiding or reducing the non-minimum phase characteristic. As opposed to the limited control capability given in the current literature, the tracking controllers are designed by means of integrated multi-variable control, in which none of the elevator, canard and fuel-to-air ratio has been prescribed a particular role in the vehicle's tracking. They work together to deal with the elastic effects and the uncertainties. All interactions between aerodynamics, propulsion and structure (including aero-propulsive and elevator-to-lift couplings) are employed when designing the controllers. The main feature, which causes the synthesis process to be simpler and easier, is that the controllers and the external reference trajectories are simultaneously obtained by solving a system of linear algebraic equations.
The remainder of this paper is organized as follows: In Section II, two longitudinal dynamics models of AHVs are presented, one for control design, the other for simulation. The control design for the rigid vehicle is formulated as solving a system of linear algebraic equations in Section III. Simulation results and concluding remarks are given in Section IV and Section V, respectively.
II. TRACKING CONTROL OF AIR-BREATHING HYPERSONIC VEHICLES A. Vehicle's Model
The curve-fitted model (CFM) of an air-breathing hypersonic vehicle (AHV) developed by Bolender and Doman 2007 [7] and Williams et. al. 2006 [25] is described by the following differential equatioṅ
where V , γ, α, Q, h, Φ, δ e , and δ c represent the velocity, flight path angle, angle-of-attack, pitch rate, altitude, fuelto-air-ratio, elevator, and canard, respectively. This model includes five states
T and two outputs y = [V, h] T . The thrust, lift, drag, and pitching moment are given by the following curve-fitted approximations.
T D represent the effects of the control surfaces to the aerodynamic forces. z T is the moment arm forth which indicates the effect of the thrust (engine) to the moment. For additional information on the other parameters above, the reader is referred to Parker et al. 2007 [17] .
For small α and γ, it can be assumed that sin α ≈ α, sin γ ≈ γ, cos α ≈ 1 and cos γ ≈ 1, then the CFM of the vehicle can be transformed into the following set of equationṡ
where, the vector fields f ij , i = 1, 2, 3, 4, j = 1, 2, 3, 4, and f 15 , f 16 are given in the Appendix.
For large velocity, the fraction 1/V can be replaced by its nth order Taylor expansion, i.e.,
By substituting Eq. (3) with n = 1 into Eq. (2) and neglecting the quadratic terms of the angular deflection inputs, the CFM of the vehicle can be simplified as the following differential equationẋ
where
5×3 are given in the Appendix. Asymptotic Tracking Problem: The goal of this study is to design a bounded controller of the form
for system (1) to steer the state x to a desired trim condition
T , where V and h are known constants, α is a constant but unknown.
From the description of asymptotic tracking problem, we know that the references should satisfy the following basic requirements
B. Tracking Control
The tracking controller will be designed according to the model described by Eq. (4), while the simulation to test the effectiveness of the control strategy is performed on the CFM described by Eq. (1). For convenience, we will call the model described by Eq. (4) the control-oriented model (COM) in the remainder of this paper.
The tracking error, to be regulated to zero, is defined as
Obviously, system (12) can be stabilizable. Therefore, it is minimum phase in the sense of regarding U ∈ R 5 and x as the input and output, respectively (Actually, system (12) can be stabilized by the nonlinear state feedback U = −x−F (x)). The minimum phase feature is obvious since the closed-loop system has no zero dynamics. Suppose that U can be designed as a function of the variablex, denoted as
T , to stabilize system (12) at zero equilibrium (if zero is not an equilibrium of system (12), replace F (x) and U with F (x) − F (0) and U + F (0), respectively). Then
where (14) (14) is an identity since G 51 = G 52 = G 53 = 0, which means none of the unknown variables in X except forḣ ref exists. In order to increase the freedom of design, one can eliminate the last algebraic equation in Eq. (14) (i.e., the altitude reference may be predetermined, whereas the analysis of the dynamics of the altitude tracking error is provisionally set aside) and rearrange the remaining equations into the following form
wherē
For this system, Rank(Ā) = Rank(Ā . . .b ) = 4, which means Eq. (15) 
where Y and Y i , i = 1, · · · , 4 are the corresponding determinants when solving the system of linear algebraic equations (15) using Cramer's rule. The virtual controllers U i , i = 1, · · · , 4 are essential for the evolution of the error dynamics of (11) and the behavior of (4). Many approaches to designing U are available, e.g., approximate linearization based methods (pole assignment, linear quadratic Gaussian theory (LQG), and H ∞ control), and nonlinear control methods (dynamic inversion, nonlinear H ∞ control, optimal control based on sum of squares (SOS) [26] ). A simple but effective way of designing U i is to counteract the nonlinearity F i (x) in system (12) directly, while, drive the error dynamics to zero asymptotically, i.e.,
where λ i , i = 1, · · · , 4 are positive constants.
Theorem 1 Consider the COM of the hypersonic vehicle described by Eq. (4), the tracking controllers, reference of angle-of-attack given by Eqs. (17) are bounded as long as the references of the velocity, flight path angle and pitch rate, satisfy the basic requirements described by Eqs. (6), (8) , and (10), respectively. The tracking controllers in Eqs. (17) can make the velocity, flight path angle, angle-of-attack, and pitch rate converge to their reference trajectories exponentially. Furthermore, the altitude asymptotically converge to its reference trajectory, if the altitude reference satisfies the basic condition described by Eq. (7) and, the reference of flight path angle is defined as
where e h = h − h ref is the altitude error, λ 5 is any positive real.
The following lemma is needed to prove this theorem. Lemma 1 Consider a systeṁ
and suppose thatẏ = s(y) has an asymptotically stable equilibrium at y = 0. Ifż = f (z, 0) has an asymptotically stable equilibrium at z = 0, then the system (20) has an asymptotically stable equilibrium at (z, y) = (0, 0). (See Isidori 1995 [27] for the proof.) Proof of Theorem 1 Obviously, the tracking error dynamics are as followsė V = −λ 1 e V e γ = −λ 2 e γ e α = −λ 3 e α e Q = −λ 4 e Q (21) which shows that the velocity, flight path angle, angle-ofattack, and pitch rate converge to their reference trajectories exponentially.
By simple calculation of Eq. (17) or adding together the second and third equations in Eq. (15), gives rise tȯ
From Eqs. (8), (10) and (21), we have lim As regards the dynamic of the altitude error, from the COM in Eq. (4) and command reference of the flight path angel given by Eq. (19), we havė 
III. SIMULATION
To show the performance of the controllers proposed in the previous section, the simulation is performed on the CFM described by Eq. Table I . Figs. 1 and 2 confirm that the tracking controller proposed in this paper provides stable tracking of the reference trajectories and convergence to the desired trim condition. The tracking errors remain remarkably small during the entire maneuver and vanish asymptotically. The flight path angle, angle-ofattack, and control inputs range within reasonable bounds as listed in Table II. IV. CONCLUSIONS A new tracking control method for air-breathing hypersonic vehicles (AHVs) is proposed. It does not cancel, but utilizes the aero-propulsive as well as the elevator-to-lift couplings to design controllers without strategically avoiding or reducing the non-minimum phase characteristic. The controllers and the external reference trajectories are simultaneously obtained by solving a system of linear algebraic equations. Simulation results show that the control strategy proposed in this paper provides better tracking performance for AHVs.
The tracking controller proposed in this paper relies heavily upon the parameters of the nonlinear system, additionally, the flexible structure caused by the particular geometry may degrade the effectiveness of the tracking controller, therefore robustness need further studies. Hopefully, the nonlinear disturbance observer technique, robust H ∞ control will play auxiliary roles when designing a tracking controller using the method in this paper. Some attempts of robustness analysis for air-breathing hypersonic vehicles tracking have been performed by the authors in [28] .
APPENDIX: VECTOR FIELDS IN THE COM
The expression of the vector fields in Eq. (2) are given by f 11 (α, γ) = 
